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Abstract. Assume that a Hamiltonian system is monotone. In 
this paper, we give several characterizations on when such a sys- 
tem is Anosov. Assuming that a monotone Hamiltonian system 
has no conjugate point, we show that there are two distributions 
which are invariant under the Hamiltonian flow. We show that a 
monotone Hamiltonian flow without conjugate point is Anosov if 
and only if these distributions are transversal. We also show that if 
the reduced curvature of the Hamiltonian system is non-positive, 
then the flow is Anosov if and only if the reduced curvature is 
negative somewhere along each trajectory. This generalizes the 
corresponding results on geodesic flows in |10) . 



1. Introduction 

In this paper, we consider when a Hamiltonian system is Anosov. Let 
us first recall the definition of a Anosov fiow. Let A be a vector field 
defined on a manifold N. Its fiow is Anosov if there is a Riemannian 
metric (■, ■) and a splitting TN = MA©A+©A~ of the tangent bundle 
TN of N such that the followings hold. 

(1) A^ are distributions which are invariant under the fiow ipt of 

(2) there are positive constants ci and C2 such that \d(p±t{v)\ < 

In [B], it was shown that the geodesic fiow on the unit sphere bundle 
of a compact manifold is Anosov if the sectional curvature of the man- 
ifold is everywhere negative. This result was generalized to monotone 
Hamiltonian systems in [3] using the curvature invariants introduced in 
[2]. On the other hand, it was shown in [10] that there are many alter- 
native characterizations of Anosov geodesic fiow under the assumption 
that the fiow has no conjugate point. Some of them were extended by 
[9] to Hamiltonian systems arising from the classical action functionals 
in calculus of variations. 



Date: March 16, 2012. 



1 



2 



PAUL W.Y. LEE 



In this paper, we extend the resuhs in [101 IH] to monotone Hamilton- 
ian systems. Let us first recall the definition and the setup of a mono- 
tone Hamiltonian system. Let M be a manifold equipped with a sym- 
plectic structure u and a Lagrangian distribution A. Let if : M — )■ M 
be a fixed Hamiltonian and let us denote the corresponding Hamilton- 
ian vector field by H. Recall that H is defined by u}{H, ■) = —dH{-). 
Let Vi and V2 be two sections of A and let (Vi, V2) be defined by 

{V^,V2)=u{[H,V^],V2). 

on A. It is not hard to see that (■, •) defines an inner product on the 
distribution A. The Hamiltonian vector field H is monotone if (■, ■) 
defines a Riemannian metric on A. 

The monotonicity of a Hamiltonian H means essentially that the 
restriction of H to each space Aq, is strictly convex. More precisely, 
let H : T*N — t- M be a Hamiltonian defined on the cotangent bundle 
M = T*N of a manifold A^. Assume that the Hamiltonian is fibrewise 
strictly convex. That is HIt^n^ is strictly convex for each x in N. Then 
the Hamiltonian vector field H is monotone if T*N is equipped with 
the symplectic structure u = d9, where 9 is the tautological one form 
defined by OaiV) = a{dn(y)). These are the Hamiltonians considered 
in [H]. More generally, one can consider twisted symplectic structure 
defined on T*N hj u = dO + tt*-)], where 77 is any closed two form on 
N. Then the Hamiltonian vector field is monotone with respect to this 
twisted symplectic structure if and only if the Hamiltonian is fibrewise 
strictly convex. Note also that if H is monotone with respect to a 
symplectic structure u and a Lagrangian distribution A, then we can 
slightly perturb the structures (ci;,A) and H is still monotone. 

Let a be a point in M. We say that the Hamiltonian fiow ipt of H has 
no point conjugate to a if d(pt{Aa) intersects transversely with A^^(^a) 
for all time t. If the Hamiltonian fiow has no conjugate point, then 
there are two (measurable) distributions which are invariant under the 
Hamiltonian fiow. This was first proved, in the case of the geodesic 
fiow, in [H] (see also |i9j for an extension). 

Theorem 1.1. Assume that the Hamiltonian vector field H is mono- 
tone and its flow ipt does not contain any conjugate point on M . Then 
there are (measurable) Lagrangian distributions of M which are 
invariant under dipt . 

By the work of [S], we can define the reduced curvature of a 
monotone Hamiltonian vector field H (see Section [6] for the definition). 
Under the assumptions of Theorem 11.11 we can show that the integral 
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of the trace r of with respect to any invariant measure (in particular 
the Liouville measure) of H is non-positive. Moreover, this integral 
vanishes only if r vanishes. This extends the results of [16l [HI [13] to 
our setting. More precisely, we have 

Theorem 1.2. Let c he a regular value of H. Let /i he an invariant 
measure of the flow (ft of H on Sc := H^^{c). Assume that (ft has no 
conjugate point on the support of fi. Then the following holds 

/ Xa dfi{a) < 0. 

Moreover, equality holds only if x = on the support of fi. 

We also show that the flow of the Hamiltonian vector field H is 
Anosov assuming that the reduced curvature is negative. 

Theorem 1.3. Let c he a regular value of H . Assume that the Hamil- 
tonian vector field is monotone and the reduced curvature is hounded 
ahove and helow hy two negative constants on Sc. Then the flow of H 
is Anosov on Sc. 

The above theorem is proved in [3j under the assumption that Sc 
is compact. We give a different proof which relax this compactness 
assumption to a lower curvature bound. 

If the invariant distributions defined in Theorem 11.11 are every- 
where transversal, then it was shown in pTO] that the geodesic flow 
is Anosov. An extension of this result can also be found in [9j. By 
combining a reduction procedure together with the analysis in [10], we 
obtain the following result. 

Theorem 1.4. Suppose that the assumption of Theorem \1.1\ are sat- 
isfied. Let c he a regular value of H and assume that Sc = H~^{c) is 
compact. Then the followings are equivalent. 

(1) The flow (ft is Anosov on Sc, 

(2) A"*" and A^ are transversal in T'Ec, 

(3) A+ n A- = span{H}. 

Under the assumption that the reduced curvature is everywhere non- 
positive, we also obtain the following which generalize another result 
of [TO]. 

Theorem 1.5. Assume that the monotone Hamiltonian vector field H 
has non-positive reduced curvature. Then the flow (ft of H is Anosov 
if and only if, for each a in M , there is a time t such that the reduced 
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curvature d\ of H satisfies (u\^p^(^a)V,vJ < for some t and for some 
vector V in A^j(o). 

Using the result in Theorem ll.4[ we can estimate the measure the- 
oretic entropy for invariant measures of cpt in terms of the reduced 
curvature 9^. This generahzes the corresponding results in |TT] and 

m- 

Theorem 1.6. Let c be a regular value of H . Let fi be an invariant 
measure of the flow (ft of H on the compact manifold Sc := H~^{c). 
Assume that ipt has no conjugate point on the support of fi. Then the 
following holds 

K{^t) <{n- 1)1/2 trmadfiia) 

Moreover, equality holds only is constant on the support of fi. 

We remark that a lower estimate under the assumption that the 
reduced curvature is non-positive was done in [8] which generalizes the 
earlier work of [TJ [18] . 

Finally, we also show that the following generalization of the result 
in [I9] is also possible. 

Theorem 1.7. Let c be a regular value of H . Let fi be an invariant 
measure of the flow (fit of H on the compact manifold Sc := H~^{c). 
Then the following holds 

for any invariant measure fi of ipt on and where Aj(a) are eigenval- 
ues of the operator Dla ■ 

The content of this paper is as follows. In Section |3l we discuss some 
materials on curves in Lagrangian Grassmannian which are needed in 
the definition of the curvature of H. In section HI we recall several basic 
results on linear second order ODEs which are needed in this paper. In 
Section [5l we recall the definition of the curvature of H. In Section [6l 
we recall a reduction procedure studied in [4] which is needed for the 
proof of the above theorems. Finally, sections [3-13 are devoted to the 
proofs. 
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2. Notations 

V a symplectic vector space 

M a symplectic manifold 

uj symplectic form on V or on M 

£(V) Lagrangian Grassmannian of V 

J curve in £(V) 

J° derivative curve of J 

R curvature operator of J 

TZ matrix representation of R 

(■, ■)* the canonical bilinear form on J{t) 

e^(t), e"(t) a canonical frame of a regular curve J 

fit) = e\t) 

H Hamiltonian 

H Hamiltonian vector field of H 
Jq Jacobi curve of if at a 
Raif) curvature operator of J a 
9^ curvature operator of H 
Ja reduced Jacobi curve of if at a 
R-ait) curvature operator of Ja 
$H curvature operator of H 

3. Regular Curves in Lagrangian Grassmannian 

Let V by a 2n-dimensional vector space equipped with a symplectic 
form u. The space of all Lagrangian subspaces in V, called Lagrangian 
Grassmannian, is denoted by £ = CiV). In this appendix, we recall the 
definition and properties of regular curves in C. For a more complete 
discussion, see [3l [17] . 

A smooth curve t ^ J[t) in £ carries a family of canonical bilinear 
forms (■,■)* defined by 

(3.1) {vi,V2f := uj{vi{t),V2) 

for all vi and V2 in where t \-> vi{t) is a curve satisfying vi = vi(t). 

Definition 3.1. A smooth curve t ^ J(t) in the Lagrangian Grass- 
mannian C is regular if the bilinear form ( 13. ip is non-degenerate for 
each t. 

Recall that a basis ei, e^, /i, /„ in V is a symplectic basis if 
u{ei,ej) = oj{fi, fj) = and oj{fi,ej) = 6ij. For a regular curve J, 
one can also define a canonical frame in J which is unique up to trans- 
formations by orthogonal matrices. In fact, canonical frames can be 
found for more general curves, see ^ITj for more detail. 
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Proposition 3.2. Assume that J is a regular curve in the Lagrangian 
Grassmannian C. Then there exists a smooth family of basis 

E{t) = {e^{t), e"'{t))'^ (T denotes transpose) 

on J{t) orthonormal with respect to the inner product (-, ■)* such that 

{ei(t),...,e"(t),e^(t) := f (t), e'^(t) := /"(t)} 

forms a Darhoux basis for the symplectic vector space V such that &{t) 
is contained in J(t) fori = 1, ...,n. Moreover, if E{t) = (e^(t), ...,e"(t))'^ 
is another such family, then there exists an orthogonal matrix U such 
that E{t) = U E{t). 

Proof. Let us fix a family of basis E{t) = (e^(t), e"(t))^ on Ja(t) 
orthonormal with respect to the canonical inner product. Since J{t) is 
a Lagrangian subspace, we have 

(3.2) uj{e\t),e^{t)) = 0. 

Since E{t) is orthonormal with respect to the inner product (■, ■)*, 
we also have 

(3.3) uj{k\t),e^{t)) = 6,j. 

Let U{t) be any smooth family of orthogonal matrices, let E{t) = 
U{t)E{t), and let /*(t) = e*(t). Let f2(t) be the matrix with ij-th entry 
equal to a;(e*(t), e-'(t)). Then, by (13. 2p and (13. 3p . we have 

n{t) = -u{t)u{tf + u{t)u{tf + u{t)n{t)u{tf. 

Therefore, if we let U (t) be the solution of 

(3.4) (Jit) = \umit) 

with U{0) orthogonal. Then Q{t) = (Note that Cl{t) is skew-symmetric. 
Therefore, U{t) is orthogonal). Hence 

e\t),...,e'^{t)j\t),...,f^{t) 

is a Darboux basis. 

Finally, if we assume that ei(t), ...e„(t), ei(t), e„(t) is a Darboux 
basis of V for each t. Then U{t) = and the uniqueness claim follows. 

□ 

Proposition 13.21 leads to the following definition. 

Definition 3.3. A family of basis e^(t), e"(t) of a regular Jacobi 
curve J{t) is a canonical frame of J if 

(1) {ei(t),...,e"(t),/nt) := e\t) , . . . , (t) := e"(t)} forms a Dar- 
boux basis for the symplectic vector space V, 
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(2) e*(t) is contained in J(t) for i = I, ...,n. 

The proof of Proposition 13.21 gives the following result which will be 
needed late. 

Lemma 3.4. Let E{t) := (e^(t), e"(t))^ be a family of orthonormal 
basis (with respect to (■, ■) ) in a curve J(-) of the Lagrangian Grass- 
mannian C Let fl be the matrix with ij-th entry equal to uj{e\t), &{t)). 
Let U be a solution of 

(3.5) U{t) = \u{t)m- 

Then E{t) = U{t)E{t) forms a canonical frame. 

Proposition 13.21 also allows us to make the following definitions. 

Definition 3.5. Let e^(t), e"(t) be a canonical frame of a regular 
curve J. The curve in £(V) defined by 

r{t) :=span{f (t),...,r(t)} 

is called the derivative curve of J. 

The canonical frame satisfies a second order equation. 

Proposition 3.6. Let E{t) = (e^(t), e"(t))"^ be a canonical frame. 
Then there is a linear operator R{t) : J{t) — )■ J(t) symmetric with 
respect to the inner product (-, ■)* such that 

e\t) = f\t), r{t) = -R{t)e\t). 

Proof. By the definition of canonical frame, is contained in J{t). 
Therefore, we can define R{t) by 

Kit) e\t) = -r{t). 

By Theorem 13. 2[ this definition of R{t) is independent of the choice of 
canonical Darboux frames. 

Finally, using the equation uj{f\t), f^ {t)) = and differentiating 
with respect to time, we see that 

uj{e^{t),R{t)e\t)) = u{e\t),R{t)e^{t)). 

It follows that R{t) is symmetric with respect to the canonical inner 
product. □ 

Definition 3.7. The equations 

e\t) = f\t), f{t) + R{t)e\t)=0 
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in Proposition 13.61 are called structural equations of the curve J. The 
operators R{t) are the curvature operators of J. The matrix represen- 
tation of R(t) is denoted by 7l(t) and it is defined by 

n 

R{t)e\t) = Y,'^^'ityit) 

i=i 

4. On Second Order Equations 

Let E{t) be a canonical frame of a regular curve J . Then any vector 
^ in the symplectic vector space V can be written as 

(4.1) i = -d{tfE{t) + a{tfF{t) 
for a family of vectors a{t). Moreover, a{t) satisfies 

(4.2) -d{t) = -n{t)a{t). 

In this section, we recall some facts on the fundamental solutions of 
the equation (14. 2p . More precisely, let B be the matrix solution of the 
equation 

(4.3) B{t)+TZ{t)B{t) = {] 

with initial conditions -B(O) = and -B(O) = /. 

For t 7^ 0, let S{t) := B(t)B{t)~^ . Then S{t) is a family of symmetric 
matrices satisfying 

(4.4) S{t) + S{tf + n{t)=0. 
Let D{s,t) be defined by 

(4.5) D{s, t) = B{t) B{T)-\B{T)-YdT. 

From now on, we denote the derivative with respect to t and s by 
dot and prime, respectively. For instance, D denotes derivative of D 
with respect to t and D' denotes derivative with respect to s. 

Lemma 4.1. The family of matrices t i— D{s,t) is a solution of the 
equation which satisfies the boundary conditions 

D{s, 0) = /, D{s, s) = 0, D{s, s) = -{B{s)-Y- 

Proof. A computation shows that t ^ D[s, t) is a solution of the equa- 
tion (14. 3 p which satisfies the conditions D{s,s) = and D{s,s) = 
-{B{s)-Y- Since the Wronskian D{s,tf B{t) - D{s,t)^ B{t) is inde- 
pendent of time t, we also have D{s, 0) = /. □ 
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Let U{s,t) = D{s,t)D{s,t)^^. U{s,t) is the solution of the equation 

(4.6) U{s,t) + u{s,ty + n{t) = 0. 

Next, we apply the following comparison principle of matrix Riccati 
equations (see [21] for the proof). 

Theorem 4.2. Let Ai{t) be a family square matrices. Let Si be the 
solution of the matrix Riccati equation 

Siit) + Ai{t)S,itf + n,{t) = 0, 1 = 1,2. 

Assume that 6*2(^0) > 'S'i(to) (resp. Siito) > S2(to)) for some to and 
7^l(^) > 7^2(^); Ai{t) > A2{t) for all t>to. Then 

S2it) > 5i(t) {resp. S^{t) > 52(t)) 

for all t >to (resp. t <to). 

For the rest of this section, we assume that any solution B{-) of the 
equation (14. 3 p satisfies the following assumption. 

Assumption 4.3. If -B(to) = and deti?(to) 7^ for some to^ then 
det B{t) ^ for all t ^ to- 

Under this assumption, the matrix U {s, t) is invertible whenever s 7^ 

t. 

Lemma 4.4. Assume that Si < S2 < < S3 < S4. Then, under 
Assumption \4-3\ 

U{s2,t) > U{si,t) > U{Si,t) > U{s3,t) 

for all t in the open interval (s2, S3). 

Proof. By the matrix Riccati equation (14.61) . U{s,t) < for all t near 
s. It follows that the eigenvalues of U{s, t) goes to +00 as t — )■ s"*" and 
goes to — 00 as if: — )■ s~. The result follows from Theorem 14. 2[ □ 

It follows from the above lemma that we can define the following 

f/+(t) := lim U{s,t), U-{t):= lim f/(s,t). 

s— >+oo s— >— 00 

The comparison theorem also gives the following estimate. 

Lemma 4.5. Assume that TZ{t) > —k"^! for some constant k > 0. 
Then 

kcoth{kt)I> S{t) > U-{t) > U+{t) 

{resp. -kcoth{kt) I < S{t) < U+{t) < U-{t)) 
for all t > (resp. t < 0). 
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Proof. The family t kcoth.{kt)I is a solution of (14. 3p with R{t) = 
—k"^!. The rest follows from Theorem 14.21 □ 

Let be the solutions of the equation 

I)±(t) = f/±(t)D±(t) 

with initial condition -D^(O) = /. 

Lemma 4.6. Assume that there are non-negative constants k and K 
such that —K^I > 7l{t) > —k^I. Then (resp. U~ ) satisfies the 
following 

-KI > U+{t) > -kl {resp. kl > U'it) > KI) 
for all t and 

|6|e-'=* < \D+{t)h\ < \h\e-^' {resp. |6|e^'* < \D-{t)h\ < \h\e^') 
for any vector h and all t > 0. 

Proof. We will only prove the case when K > since the case K = 
is very similar. Note that K coth.{K{t — s))I is a solution of (14.31) with 
TZ = —K^I. Therefore, by Theorem 14.21 we have 

K coi\i{K{t -s))I> U{s, t)>k coth(A;(t - s))I 

for all t < s. 

Therefore, if we let s — )■ oo, then we obtain 

(4.7) -KI >U^{t)>-kI. 

It follows from (14.71) that the Euclidean norm \D^{t)b\ of D^[t)h 
satisfies 

dt 



^\D\t)h\' = 2{U+{t)D+{t)h,D^{t)h) 



< -2K\D+{t)b\\ 

Therefore, it follows that 



□ 



Finally, we show that \B{t)v\ goes to +oo uniformly as t goes to 
±oo. 

Lemma 4.7. Let B{-) he a solution of with B{0) = 0, B{0) = I, 
and R(t) > —k^I. Then, for each number K > 0, there is T > such 
that 

\B{t)v\ > K\v\ 
for allt>T (resp. t < —T). 
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Proof. Let be the solution of (14.31) with initial condition -D^(O) = / 
and I)+(0) = t/+(0). It follows from the definition of D{s,t) that 
lims_i>+oo t) = D^{t) and 

/oo 
B{T)-\B{T)-YdT. 

If we differentiate this equation with respect to time t, then we obtain 

= -{B{t)-Y + S{t)D+it). 
Therefore, the following holds 

where M{t) = B{T)-\B{T)-^YdT. 

It follows from Lemma 14.51 that there is to > such that 

Ak > I {S{t)v - U+{t)v,v) I 

= I {M{t)-^B{t)-^v,B{tY^v) I 

\B{t)-^v\'' 

- mm 

for all t > to- Here ||M(t)|| denotes the operator norm of M{t). 
Therefore, for all v satisfying |f | = 1, we have 

as t — 7- oo. □ 



5. Monotone Hamiltonian vector fields 

Let M be a symplectic manifold equipped with a symplectic structure 
u and a Lagrangian distribution A. Let if : M — )■ M be Hamiltonian 
and let H be the corresponding Hamiltonian vector field defined by 

uj{H,-) = -dH{-). 

Let us consider the canonical bilinear form (■, ■) of the Hamiltonian 
vector field H defined on A by 

(5.1) {v,,V2)^ = co^{[H,V^],V2), 

where Vi and V2 are two sections of A such that Vi(a) = Vi and V2(a) = 
V2- Since A is a Lagrangian distribution and the Hamiltonian vector 
field H preserves u, the above bilinear form is well-defined. 

Definition 5.1. We say that the Hamiltonian vector field H is mono- 
tone if the above bilinear form is a Riemannian metric on A. 
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In this section, following the approach introduced by [5j, we consider 
the curvature of monotone Hamiltonian vector fields. For this, let (pt 
be the flow of the Hamiltonian vector field H, let us fix a point a in the 
manifold M and consider the following curve of Lagrangian subspaces 
in the Lagrangian Grassmannian C{TaM). 

Definition 5.2. The curve t Ja{t) in the Lagrangian Grassmannian 
£(T^M) defined by 

J„(t) := d<p-\A^^^^)) 
is called the Jacobi curve of H at a. 

Proposition 5.3. The canonical bilinear form liS. 1\) of the Hamilton- 
ian vector field H and the canonical bilinear form of the Jacobi curve 
defined by ^3. 1\) are related by 

for all Vi and V2 in T^^(^a)M . 

In particular, if the canonical bilinear form \5. 1\) is everywhere non- 
degenerate, then the Jacobi curve Ja{t) is regular for each a. 

Proof. Let e^(t), e"(t) be given by Proposition I3.2[ Let be a 
time dependent vector field on M such that dipt{e^{t)) = Vl{(pt{a)). It 
follows from the definition of the bilinear form (13.11) and the invariance 
of the form u under the flow ipt that 

□ 

It is, therefore, natural to call a Hamiltonian vector field H regu- 
lar if the corresponding canonical bilinear form is non-degenerate. In 
particular, if H is monotone, then it is regular. 

Definition 5.4. Assuming that the Hamiltonian vector field H is reg- 
ular. Let us denote by Jait) the derivative curve of the Jacobi curve 
Ja{t) at a. We define a Lagrangian distribution A° by 

a" = j:{o). 

We will refer to distributions A and A° as the vertical and the hori- 
zontal bundles, respectively. We will also refer a tangent vector in the 
distributions A and A° a vertical vector and a horizontal vector, respec- 
tively. If w is a tangent vector in TM = A © A°, then its components 
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in A and in A° are called vertical and horizontal parts of to, 
respectively. 

The Jacobi curve Jq and the derivative curve J° satisfy the following 
property. 

Proposition 5.5. For each a in M , we have 

d^s{Ja{t)) = J^,ia){t - S), d^smt)) = Jl^^){t - S). 

Proof. Let Ja{t) be the Jacobi curve at a. It follows that 
difsiJait)) = dcpsidcp-^A^^^c,)) = c^¥'r-.(A^i_.(<^4a))) = J^s{a)it - s). 

It also follows that d(ps{e^{s + t)), ...,dips{e'^{s + t)) is a canonical frame 
of J<^4a). The second assertion follows from this. □ 

Similarly, we define the curvature operator of a Hamiltonian vector 
field by that of the Jacobi curves. 

Definition 5.6. Assuming that the Hamiltonian vector field H is reg- 
ular. Let Ra(t) be the curvature operators of the Jacobi curve Ja(t) at 
a. The curvature operator $H : A — )■ A of if is defined by 

Proposition 5.7. Assuming that the Hamiltonian vector field H is 
regular. For each a in M and each vector v in T^^(^a)M, the following 
holds. 

R^{t){dipt{v)) = dip-\^^,(^){v)). 

Moreover, for each vertical vector field V , the curvature operator 91 
satisfies 

m^{V) = -[H, [H,V]^r{a). 

Proof Let e\t), ...,e''{t), f\t), f'^it) be given by Proposition [321 
By the proof of Proposition 15.51 t (^dips {e^{t + s)), dips (e" (t + s) ) ) 
is a canonical Darboux frame at v't(a). Therefore, we have 

d^s{Ra{t + s)e\t + s)) = -—difs{e'{t + s)) 

= RMo'){t) difs{e\t + s)). 

If we set t = 0, then we obtain 

dips{Ra{s) e\s)) = i?^4„)(0) difs{e\s)) 

and the first assertion follows. 

Since the Hamiltonian vector field H is regular, it is transversal to 
A. It follows that there is a vector field V"* on M such that dipt{e^{t)) = 
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V\ift{c())- It follows from the definition of the canonical Darboux 
frame that 

m=e\t) = y.;{[H,V^]){a) 

and 

Therefore, 

m^{V\a)) = -[H, [H, V%a) = -[H, [H, VfYia). 

It remains to note that the maps v i— ?■ [H, V]^{a) and w i— )■ [H, WY{a) 
are tensorial on A and A°, respectively. □ 

6. Reduction of curves in Lagrangian Grassmannian 

Let f be a vector in a symplectic vector space V. Let v"^ be the 
symplectic complement of v. Recall that the symplectic reduction V of 
V by f is defined by 

V = {Vnv^)/Rv. 

The symplectic form u descends to a symplectic form u on V. It fol- 
lows that any Lagrangian subspace in V also descends to a Lagrangian 
subspace in V. In particular, if J is a curve in the Lagrangian Grass- 
mannian C{V), then it descends to a curve J in C{V). Note also that 
the canonical bilinear form (13.11) of the curve J clearly descends to that 
of the curve J. It follows that J is regular if J is. Therefore, there is a 
curvature operator for the curve J which is denoted by R. For the rest 
of this section, we recall how the curvature of J relates to that of J. 
The reduced Jacobi curve was considered in Here we give slightly 
different proofs of the results. 

By Proposition 13.61 we can find a canonical frame 

(6.1) ei(t),...,e""i(t) 

and a curvature operator R{t) : J(t) — Jit) satisfying 

^'{t) = fit), ht) = -Rit)~e\t). 

Assume that v is transversal to the J(t) for all t. It follows there is 
a family of bases along J(t), denoted by 

e'W,-,e"(t), 

which is orthonormal with respect to the canonical bilinear form (13.11) 
such that the first n — 1 of them descend to the canonical frame ( 16. ip 
of Jit). Let f2(t) be the matrix with ij-ih entry defined by ^ijit) : = 
uj{e^it), &it)) and let U be the solution of the equation (13. Sp with initial 
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condition f/(0) = /. Note that flijit) = unless i ^ n and j ^ n. 
Therefore, we can let Q{t) be the n — 1-vector with i-th entry defined 
by Cli{t) := Qni{t)- The curvature of the curve J and its reduction J 
are related as follows. 

Proposition 6.1. 

HereTZ{t) andTZ{t) denote the matrix representations of R{t) andR{t), 
respectively. Q is the matrix defined by 

n (g) Cl{w) = (n, w) 

Proof. Let = g"(t))^ and let = if\t), nt)f . 

By assumption u{v, e*(t)) = and it follows that u{v, e*(t)) = for all 
i ^ n. Therefore, we have 

(n-1 
t{t) + Y,Q^,{t)B^{t) 

where b{t) is the length of the J(t)-component of v. 

If we differentiate the above equation with respect to t, then we 
obtain 

Since (e"'(t), e"(t))* = 1, it follows from the above that 6 = 0. There- 
fore, 

n— 1 71—1 

(6.3) g"(t) = - J]a„,(t)e^(t) - 5^a„,(t)g^(t). 

i=i i=i 

On the other hand, by the definition of e*(t) and fl6.2p . we have 

n-1 



i=i 

n-1 

= - 5Z (^^^- W - «.WK^)^n.(^)) e^ W + a,(t)6(t)g"(t). 



i=i 

for some functions and for all i ^ n. 
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Since (e"(t), e"(t))* = 1, we have 

n-l 

(6.4) i\t) = -Y, - ^mitnnA-^)) ~e'{t) + fi„.(t)g"(t). 

Let [/ be a solution of the equation U{t) = lU{t)Q{t) with f/(0) = / 

and let E{t) = U{t)E{t). By Lemma KM E{t) and F{t) := E{t) 
together form a Darboux basis. If we differentiate this twice, we obtain 

-n{t)U{t)E{t) 
= -n(t)E{t) 

= m 

= U{t)E{t) + U{t)n{t)E{t) + U{t)E{t) 

= U{t)E{t) + U{t)Vl{t)E{t) + U{t)E{t) 

Since f2 is a skew-symmetric matrix satisfying Vtij = if i 7^ n and 
j ^ n. It follows that 

where is the vector in R" with i-ih entry equal to fi„j. □ 

Next, we define the reduced curvature operator of the Hamiltonian 
vector field H. The Hamiltonian vector field H is transversal to the 
distribution A. It follows that H is not contained in any Ja(t) for each 
t. Therefore, the reduction of the curve is defined by 

J« := J^nH^/RH. 

Note that = kerdHa = (TT,c)a if c is regular value of H and a is 
in Ee := H-\c). 

We also let Aq, be the reduced distribution 

A„ := Aa n H^/RH. 

Definition 6.2. Assuming that the Hamiltonian vector field H is reg- 
ular. Let Ra(t) be the curvature operators of the Jacobi curve Ja(t) at 
a. The reduced curvature operator $H : A — )■ A of if is defined by 

= Ra{0). 

The following is an immediate consequence of Proposition 16.11 
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Proposition 6.3. Assume that the Hamiltonian vector field is mono- 
tone. For w in An H'^ , we have 

(^(ti;), w) = {^{w),w) + -^uj{\H, [H, ^]],wf, 

where ^ is a (local) section of {Ad H'^)-^ and _L denotes the orthogonal 
complement taken with respect to the canonical inner product of H . 

Proof. Using the notations of the proof of Proposition 16.11 we have 
g"(t) = i^l^{a). It follows that 

l]„,(0) = -a;(l"(0),e^(0)) 

= -coi[H, [H,^]],e\0)). 
The rest follows from this. □ 

7. Existence of invariant distributions 

Let (pt be the flow of a regular Hamiltonian vector field H. The point 
(pt(a) is a conjugate point of a along the flow ipt if dipt{Aa) and A^^(q,) 
do not intersect transversely. Equivalently, (pt{a) is a conjugate point 
if Jq,(0) and Jait) do not intersect transversely. 

In this section, we assume that a given Hamiltonian vector field H 
is monotone and it does not contain any conjugate point. Under these 
assumptions, we show that there are always two Lagrangian distribu- 
tions which are invariant under iff Theorem 1 1 . 1 1 also follows from 
the following. 

— * 

Theorem 7.1. Assume that a given Hamiltonian vector field H is 
monotone and its flow does not contain any conjugate point. Then the 
following holds: 

(1) := limi_^±oo Ja{t) exists, 

(2) A='= are Lagrangian distributions which are invariant under dipt, 

(3) A+nA = A-nA = {0}, 

(4) H C A+ n A-, 

(5) CH^. 

Note that the above theorem does not require any compactness as- 
sumption on Ec = H~^{c). For the proof of Theorem 17. it is conve- 
nient to introduce the reduction of dipt which is also needed in the later 
sections. Let us consider the quotient bundle QJ := H^/WH. Both the 
symplectic structure u and the flow dipt descend to 5J. The descended 
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objects are denoted by a) and dipf., respectively. The bundle A defined 
by A := (A n H'^)/MH is a Lagrangian sub-bundle of 2J. 
Let Ja{t) be the reduced Jacobi curve defined by 

J^{t) := rf5;'(A^,(,)) = J^{t)nH^/RH. 

Let (, )^ be the canonical bilinear form (13.11) of the curve Jq. Let 
(, )q. := (, )^. This defines a bilinear form on A. Clearly, (, ) is an inner 
product if <, > is. The canonical frames of Jq, are denoted by 

E„(t) = (el(t),...,eri(t))^. 

Next, we adopt an argument in [9] and prove the following result 
which holds true for a general regular curve in the Lagrangian Grass- 
mannian. 

Proposition 7.2. Let J be a curve in the Lagrangian Grassmannian 
£(V). Let A be a Lagrangian subspace of V such that A and J{t) 
intersect transversely for all t. Let v be a vector in A. Assume that the 
curves J{t) and J(0) intersect transversely for all t. Then the same 
holds for the reduced curve J. 

Proof. Assume the contrary. Then there is a vector w in j(o) nv^ n 
{J{to) © Ml'). Let E{t) be a canonical frame and let F{t) = E{t). Let 
D{t) be the matrix such that the components of 

-D{tYE{t) + D{tfF{t) 

span A and D{t) satisfies (gj]) with L)(0) = /. 
Let B be the matrix defined by 

(7.1) B{t) = D{t) f D{s)-\D{sf)-Us 

Jo 

is a solution of (14.31) with initial conditions -B(O) = and B{0) = L 
Since w is contained in J(0), we can let w = —a^E{0) and get 

w = a^{-B{tfE{t) + B{tfF{t)). 

Since w is contained in J (to) © Rv and v is transversal to the space 
J{to), the J(to)-component of v is given by a multiple of the non-zero 
vector Bito)'^ Fito). On the other hand, since v is contained in A, 
there is a vector h such that 

V = b^{~D{tfE{t) + D{tfF{t)). 

It follows that B{to)a is a scalar multiple of D{tQ)b. Note that -D(to) 
is invertible since A and J(to) intersect transversely. Therefore, if we 
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combine the above considerations with fl7.1l) . then a^b > 0. However, 
since w is contained in f^, we also have 

= u{v, w) 

= -uj{b^F{0),a^E{0)) 

= -b^a. 

This gives a contradiction. □ 

Proof of Theorem \ 7. 1\ We prove the statements for A"*". That of A~ 
is similar and will be omitted. We will work with the reduced flow and 
find a Lagrangian sub-bundle A"*" in 23 which is invariant under d^p^ 
instead. It follows that the distribution A"*" defined by 

(7.2) := {v e H{aY\v + m.H{a) e K^} 

is an invariant Lagrangian distribution. 

Let Ea{t) := (e^(t), ej^~^(i))^ be a canonical frame of the reduced 

curve Ja(t) at a and let Fa{t) = Ea{t). Let B{s,t) be the matrices 
defined by 

(7.3) K(t) = -B'{s, t)Ea{s) + B{s, t)F^{s). 
By differentiating (17.31) with respect to t, we obtain 

(7.4) F„(t) = -B'{s,t)E^{s) + B{s,t)F^{s) 
and 

- 'JZa{t)B'{s, t)E^{s) + Mt)B{s, t)F^{s) 
= 1Z^{t)E^{t) 

= B'is,t)E^{s)-B{s,t)F^{s). 
It follows that 

B{s,t) = -1Z^{t)B{s,t). 

Let Ua{s,t) := B{s,t)B{s,t)^^. It satisfies 

U^{s,t) + {Ua{s,t))^ + n^{t) = 0. 

By assumption and Proposition 17.21 TZa (t) satisfies Assumption 14.31 
It follows from Lemma that U^{t) = lims_s.oo Ua{s, t) exists. Finally, 
we define 

(7.5) A+ := span{F,(0) - f/+(0)^,(0)}. 
If we set t = in (17. 3p and (17. 4p . then we obtain 

J^{s) = span{F„(0) - t/,(s, 0)E,(0)}. 
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Therefore, we have hm^^^oo Ja{s) = and (1) follows. It also follows 
from (17. 5p that fl A = {Mif}. Since H is not contained in A, 
(3) follows. (4) follows from (17. 2p and (5) follows from taking skew- 
orthogonal complement in (4). Finally, by Proposition 15. 5[ 

If we let t — > oo, then we see that A^ is invariant under dip^. Since H 
is also invariant under dipt-, (2) follows. □ 

8. Rigidity of the reduced curvature 

In this section, we will give the proof of Theorem ll.2[ In fact. The- 
orem [L2] is an immediate consequence of the following result. 

Theorem 8.1. Let c he a regular value of the Hamiltonian H and let 
Sc := H~^[c). Assume that the Hamiltonian vector field H is regular 
and the differential dipt of its flow ipt preserves a Lagrangian distribu- 
tion on Sc. Then the trace r of the reduced curvature 9^ satisfies 

I Xadfi{a) < 0, 

where fi is any invariant measure defined on Sc. Moreover, equality 
holds only ifx = on the support of ^. 

Proof Let A be defined by A := An H'^/RH. Then A is a sub-bundle 
of 03 which is invariant under dip^. Let Ea{t) = (e^(t), ...,e^~^{t))^ be 
a canonical frame at a, let Fa{t) = Ea{t), and let 5*0 be the matrix 
such that 

FJO) + S'o^c.(O) 

span the space Aq,. 
It follows that 

F,(0) - SoE^iO) = B^{tYF^{t) - B^{tYE^{t) 

where Bait) is a solution of (14.31) satisfying the initial conditions -Ba(O) = 
/ and BaifS) = Sq and TZ = IZa is the curvature of the reduced Jacobi 
curve Jaif)- 

Let S^it) = B^{t)Bait)-^. Then is the solution of (53]) which 
satisfies the initial condition Sa{0) = Sq. It follows that the trace 
tr{Sait)) of Sa{t) satisfies the following equation 

(8.1) tr(^„(t)) + tr{S^{tf) + tr(^„(t)) = 0. 

Since tr{Sa(t)) is independent of the choice of frames Ea(t), it defines 
a function a i— )■ tr{Sa(t)). Moreover, we have tr{Sa{t)) = tr(S'<^j(Q,)(0)). 
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Therefore, if we integrate (18.11) with respect to the invariant measure 
/i, then we obtain 

d f 

= j ^ ir{S^,i^a){^))d^i{a) 

tr(S'^,(a)(0)^) + i^,[a)d^{a) 

Since /i is an invariant measure of ipt, it follows that iadfi^a) < 0. 
Moreover, equality holds only if Sait) = for /x- almost all a. Since 
t Sa(t) is smooth, there is a set of full measure O in M such that 
Sa{t) = for all t and for each a in O. 

Finally, it follows from (18.11) and the smoothness of r that r = on 
the support of fi. □ 




9. HYPERBOLICITY UNDER NEGATIVE REDUCED CURVATURE 

In this section, we show that the Hamiltonian flow of a monotone 
Hamiltonian vector field is Anosov if the reduced curvature is bounded 
above and below by negative constants. First, we show that if the 
reduced curvature is everywhere non-positive, then the Hamiltonian 
flow has no conjugate point. A proof of this can be found in [5T]. We 
supply the proof here for completeness. 

Theorem 9.1. Assume that the reduced curvature of a regular Hamil- 
tonian vector field H is non-positive. Then, for each w in A, \d(ff{w)^\ 
is increasing for all t > and decreasing for all t < 0. In particular, 
the flow of H has no conjugate point. 

Proof We will only do the case t > 0. Let E^(t) = (e^(t), e^"^(t))'^ 
be a canonical frame of the Jacobi curve at a. Let B{t) be the solution 
of (US]) with initial conditions B{0) = and B{0) = I. Then 

E^{0) = B{tfE^{t) - B{tfF^{t). 

In other words, if we define S{t) = B(t)B(t)~^ , then S{t) is a solution 
of the matrix Riccati equation (14. 4p which is defined for all t 7^ 0. Since 
J J is also a solution of (14. 4p with = 0, it follows from Theorem 14.21 
that S(t) > jl. It also follows from Theorem 14.21 that S(t) is bounded 
above by the solutions of the equation 

s{t) + 7^,(t) = 0. 

It follows that S{t) is defined for all t and B{t) is invertible. Therefore, 
by Proposition \7.2\ there is no point conjugate to a along ip^. 
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Therefore, 

dt 



^\{d^,{w)yf = 2lFB{tfB{t)h 



= 2b^B{tfS{t)B{t)b > 

for all t>0. □ 

Theorem 9.2. Assume that there are positive constants k and K 
such that the reduced curvature satisfies —K^I > 5^ > —k^I on 
Sc := H~^{c). Then there is a Riemannian inner product and in- 
variant distributions and A" defined on IJagSc H^{a) satisfying the 
followings: 

(1) = span{H] © A" © A^ 

(2) A+ = span{H} © A^ 

(3) A- = span{H} © A", 

(4) there is a constant C > such that \dipt{w)\ < Ce^^^\w\ for all 
t > and for all w in , 

(5) \dip^tiw)\ < Ce~^^\w\ for allt>0 and for all w in A". 

In particular, if c is a regular value of H , then the flow ipt is Anosov 
on Sc. 

Proof. We use the notations in the proof of Theorem 17. II Let D^{t) = 
U^{t)D^{t) with -D'^(O) = /. \{ w he a, vector in A+. Then there is a 
vector h such that 

^ = lF{-b+{tfE^{t) + D+{tfF^(t)). 

We extend the canonical inner product defined on A to an inner 
product, still denoted by (■,■), of the bundle QJ such that the basis 
e^(0), e^-HO), /^(O), /""Ho) is orthonormal. It follows that 

(9.1) \d^t{w)\^ = \D^it)b? + \U+{t)D+{t)h\^. 

By Lemma [4. 6 1 we have 

[/+ < -kl and |/^+(t)6|' < \h\\-^^\ 
By combining this with fl9.ip . we obtain 

\T^,{w)\' < {I + iD^itW 
< + l&P 

The rest follows from [2?, Proposition 5.1] and the definition of A"*" 
in the proof of Theorem 17. 1[ □ 
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10. On the invariant bundles of the reduced flow 

Let J a be the reduced Jacobi curve of J a- The reduced Jacobi curve 
and the derivative curve J° give a sphtting of the bundle 2J = Ja(0) © 
J°(0). Let V be an element in QJ. The Ja(0)- and the J°(0)-components 
of V are denoted by v"" and respectively. 

In this section, we prove the following characterization of the invari- 
ant bundles A''^ defined in the proof of Theorem 17. 1[ 

Theorem 10.1. Assume that the Hamiltonian vector field H is mono- 
tone. Assume that Ec := H~^{c) is compact and the flow of H has no 
conjugate point on Ec. Suppose that there is no vector w m QJ such 
that \dip^{w)'^\ is bounded for allt. Then 



sup \dLp^{wY\ < +00 

±i>0 

In particular, the above theorem applies when the flow of H is Anosov 
on Ec. 

Lemma 10.2. Assume that the reduced curvature D\ of a monotone 
Hamiltonian vector field satisfies > —k'^I. Let v be in ^ such that 
\d(p^{v)^\ is uniformly bounded for all t > (resp. t < 0). Then v is 
contained in A"*" (resp. A~ ). 

Proof. We will only prove the statement for A+. The one for A^, being 
very similar, will be omitted. Let v he a tangent vector in Tq,M such 
that 1 1—)- d(pf.{v) is uniformly bounded for all t > 0. Let Vt be a vector 
in Jait) such that the horizontal components of v and Vt are the same. 
It follows that V — Vt is vertical for each t. 

Let E(t) = (el^it), ...,e^~^(t))^ be canonical frame and let F(t) = 

E{t). Let B{s) be the solution of (14.31) with initial conditions -B(O) = 
and B'{0) = I. Let b{t) be a family of vectors in defined hj v — Vt = 
b{t)'^E{0). Then we have 

v-dt = b{tfB'{sfE{s) - b{tfB{sfF{s). 

By assumption, there is a constant K > such that \B{t)b{t)\ < K. 
By Lemma [4.71 there is T„ > such that 

K ^\mm^^ 



\m - \b{t)\ 

for all t > Tn- 

Therefore, limt_^oo b{t) = and limt_>.oo Vt = v. Since Vt is contained 
in Ja{t) for all t > 0, v is contained in A^ as claimed. □ 
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Lemma 10.3. Suppose that the assumptions of Theorem \10.1\ are sat- 
isfied. Then for each Sq > (resp. Sq <Q), there is a constant C > 
such that 

\d^,{wf\ > C\d^s{^f\ 
for all w in K and for all t > s > Sq (resp. t < s < Sq). 

Proof. Suppose that the conclusion does not hold. Then there are 
vectors Wn in A and numbers tn > Sn > sq such that 

By multiplying Wn by a constant, we can assume that \wn\ = 1- By 
compactness, we can assume that Wn converges to w in A. Let Un be 
the number which achieves the maximum of \dipf{wn)^\ over t in [0, tn]- 
It follows that 

is bounded below by a positive constant uniformly in n since Wn is 
convergent. Therefore, m„ is also bounded below by a positive constant 
uniformly in n. 

Let Vn = j^""^"*"! and let a„ be vectors defined by 

Wn = al{B{tfE{t) - B{tfF{t)) 
where i? is a solution of (14 .Sp with initial conditions -B(O) = and 

m = I. 

Let S{t) = B{t)-^B{t). Then S{t) satisfies g3!). By Lemma HSl it 
follows that Vn satisfies 

Vn ^ -L 



1 + 



\B{Un)an\ 



\B{Un)an\ 

< 1 + k coth(/cu„). 

Since Un is bounded uniformly from below by a positive constant, 
\vn\ is also bounded uniformly and we can assume that Vn converges to 
a vector v. By the definition of u„, we have 

(10.1) Idi'tiVntl < 1 

for —Un < t < tn — Un- By assumption, dip^^^ivn) is contained in 

A and \dip^^_^^{ynY\ < \- If both m„ and t„ — m„ have convergent 
subsequence, then it violates the assumption that there is no conjugate 
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point. If both —Un —oo and t„ — +00. Then this violates the 

assumption that there is no bounded reduced non-zero Jacobi field. 
If one of 

OT tn Un haS a convergent subsequence, then one of 
df-un('^ri) or dip^^_^^{vn) converges to a vector in A. This vector is 
also contained in either or A~ by Lemma 110.21 and (110. ip . This 
violates (3) of Theorem 17. 1[ □ 

Proof of Theorem \10.1[ One inclusion follows from Lemma 110.21 For 
the other inclusion, let w be in A+. Let Wr be the vector in Ja(r) such 
that = w^. By the proof of Lemma [10.21 we have limT-^oo w-r = w. 
Fix So < 0. By Lemma [10. 3[ there is a constant C > such that 

for all t < So and for all tt in A. 

Let u = dip^{wr), t = —r, and s = —t + e. Then we obtain 

\w^^\ > C\di>,iw^)% 
By letting r goes to +00, we obtain 
(10.2) Iw'^l > C\d^Xw)^\. 

Therefore, \dip^{w)^\ < +00 for all e > 0. □ 



11. Monotone Anosov Hamiltonian flows without 

conjugate point 

In this section, we give various equivalent conditions which guarantee 
that a monotone Hamiltonian vector field without conjugate point is 
Anosov. More precisely, we will prove the following. 

Theorem 11.1. Let H be a monotone Hamiltonian vector field without 
conjugate point. Assume that Sc = H~^{c) is compact. Then the 
followings are equivalent. 

(1) A+nA- = {o}, 

(2) A = A+©A-, _ 

(3) there is no vector w in ^ such that \dipf-{w)^\ is bounded uni- 
formly in t, 

(4) there are constants Ci,C2 > such that 

\dLpj^t{w)\ < ci\w\e~'''^^ 
for allt>0 and w in A^. 
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Lemma 11.2. Under the assumptions of Theorem MO.li 

lim sup \dip^{w) \ = 0. 
|ui|=i,uieA± 

Proof. Suppose the statement for A"*" does not hold. Then there is 
e > 0, a sequence t„ > going to oo, and a sequence Wn in A+ 
satisfying \wn\ = 1 such that 

\dVtA^n)\ > e. 

Since dipi^{wn) is contained in A+, \dipf.^{wn)\ is uniformly bounded 
in n by compactness and the proof of Theorem llO.li Therefore, dipf-^ {wn) 

converges to w 7^ 0. Since dip^^iwn) is contained in A, \dip^j^^^_^{wn)\ is 
uniformly bounded for all n and t > — 1„ by fll0.2l) . Hence, by let- 
ting n — )■ 00, \dip^{w)\ is uniformly bounded in t. This contradicts the 
assumption of the lemma. □ 

Lemma 11.3. Let H be monotone and without conjugate point. Let 
c be a regular value of H and assume that Sc = H~^{c) is compact. 
Then there is no vector w in ''U such that \d(ff{w)^\ is bounded for all 
t if and only if there are constants Ci, C2 > such that 

(11.1) \di>±t{w)\ < cilwle-"'^ 

for all t > and w in A^. 

Proof. Clearly, f lll.ip implies that \dip^{w)^\ is not bounded for all t. 
Conversely, let 

(f)+{t) = sup _ \d<^t{w)\. 

\w\=l,w&A+ 

Then 0"*" is uniformly bounded for all t > (see (110.21) ). (f)'^{t + s) < 
0+(s)0+(t) for all s,t>0, and lim,^oo0+(s) = (Lemma [II2D. The 
rest follows from [ini Lemma 3.12]. □ 

Proof of Theorem \ll.l[ By a count in dimensions, (1) and (2) are equiv- 
alent. By Lemma [10.21 (1) implies (3). By Theorem 110. H (3) implies 
(1). (3) and (4) are equivalent by Lemma [11.31 □ 

Proof of Theorem \1.4\ By Theorem Ill.H it is enough to show that (3) 
of Theorem 111.11 is equivalent to (1) of Theorem 11.41 This, in turn, 
follows from [22, Proposition 5.1]. □ 
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12. The case with non-positive reduced curvature 

In this section, we give the proof of Theorem II. 51 Under the assump- 
tion that the reduced curvature of H is non-positive, the following is a 
characterization of when the flow of H is Anosov. 

Lemma 12.1. Assume that, for each v in A, \dip^{v)^\ is increasing 
for each t > and decreasing for each t < 0. Then the followings are 
equivalent. 

(1) the Hamiltonian flow is Anosov, 

(2) aeR>w = 0- 

In particular, the above conditions are equivalent if the reduced curva- 
ture of the Hamiltonian is non-positive. 

Proof. Let us fix a vector w and let b{t) be defined by 

w = -h{tfE{t)+h(tfF{t). 

First, assume that w is contained in HtgiR J°{'^)- assumption, we 
have 6 = 0. Therefore, h{t) is constant independent of t. It follows 

that \d(pf-{w)^\ is constant and the Hamiltonian flow is not Anosov by 
Theorem 111.11 ^ 

Conversely, by assumption and (110.21) . \dipJ^^{w)^\ <\w^\ for all t > 
and for all w in A^. Since is invariant, we have \dip^^_^g{w)^\ < 
\dipg{w)'^\ for all s. Therefore, if w is in A"*" fl A~, then it follows that 
t I— !■ \d(f_^^{w)'^\ is both non-increasing and non-decreasing. Therefore, 
t \dip^{w)'^\ is constant in t. 

Let be as in Theorem 17.11 and let be defined by D^{t) = 
U^{t)D+{t) with initial condition £'+(0) = /. It follows that 

> ^\D+{t)h\^ = 2 /u+{t)D+{t)b, D+{t)b 

for all t > and for all vector h. Since is invertible, < 0. 
Let 6 be a vector in R"- such that 

w = }F{D+{tfF{t) - D+{tfE{t)). 
It follows that \dipf-{w)^\ = \D~^{t)b\ is constant and we have 

= 11 (6^D+(t)^D+(t)6) = b^D+itfU+it)D^it)b. 

Since U+ < 0, we have D+{tfb = U+{t)D+{tfb = 0. Since 
D^(t)^b = b, we have w = b^F{t). This shows (2) implies (1). □ 
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Proposition 12.2. Assume that the Hamiltonian flow has no con- 
jugate point. Fix a vector b. If TZa{t)}F E{t) > for all t, then 
TZa(t)b'^ E (t) = for all t and F{fd) is contained in HteR 

Proof. Let u{t) = h^U+{t)h. Then 

u{t) + u{tf + r{t) = 

where r{t) = h^n^{t)h + }P^U+{tfh - {lFU+{t)by > 0. 

By an argument in [TB], we see that u = 0. Therefore, r = and so 
h^1Za{t)h = 0. It also follows that U+{t)b = and hence U+{t)b = 0. 
Therefore, by matrix Riccati equation of U~^, we have TZa{t)h = 0. 
Finally, we have 

j/m = -b^n^{t)E{t) = 0. 

□ 

Proposition 12.3. Assume that, for each v in A, \{d(pf-{v))^\ is in- 
creasing for each t > and is decreasing for each t < 0. If, for each a, 
IZa{t)b^E{t) < for some t, then the Hamiltonian flow is Anosov. 

Proof. Suppose that the Hamiltonian flow is not Anosov. By Propo- 
sition [T2A1 there is a vector 6^F(0) = b'^F{t) in J(t) for all t. If we 
differentiate this equation, then we obtain IZa{t)b^E(t) = which is a 
contradiction. □ 



13. Entropy estimates 

In this section, we give the proofs of the two entropy estimates. 
Theorem 11.61 and 11.71 Let v be in 23. The positive ^ind negative x~ 
Lyapunov exponents are defined by 

X^(^) = lim ^log\d^t{v)\. 

Let E^, E^, and E^ be the subspaces of 03 defined by 

e::^ = {v e^x~{v) = -x^iv) <o}, 
E-:^ = {v e^x^iv) = -x-iv) <0}, 
El = {ve^x'{v) = X^{v) = 0}. 

By Oseledets Theorem, 23^ = -E^ © -E^ © E^ holds for /x-almost all 

a. 
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Proof of Theorem \l.(A The same argument as in [7, Proposition 2.1] 
shows that the skew orthogonal complement of is ® E'^- v 
is contained in E"^, then \dipf-{v)\ is bounded for all t < 0. By Lemma 
110:21 V is contained in A". Therefore, E^CA'CE^® E^. 
By Pesin's formula |20j . 



where xi^^) = l™t-)>oo ]t[^o§ I det((i(^^|^_)|. Here determinant is taken 
with respect to orthonormal frames of any Riemannian metric. 

Let U{s,t) be as in the proof of Theorem 17.11 and let U~{t) = 
lims^_oo U{s,t). Then A~ is spanned by the components of 

FaiO) - t/-(0)K(0) = B^itfF^it) - B^{tfE^{t), 

where -Bo(-) is the solution of Ba{t) = —'Ra{t)Ba{t) with -Bq(O) = /. 
If we let (■, ■) be a Riemannian metric on Ec such that 

F„(0)-f/-(0)E,(0) 

is orthonormal in A~ . If we use this Riemannian metric in the definition 
of X, then it follows that 

1 1 /■* _ 

x(a) = lim - log det -BQ,(t) = lim - / tr(f/^ {s))ds. 

t^oo t t^oo t Jq 

By Birkhoff 's ergodic theorem and Pesin's formula, we have 

h^= [ tr(f/-(0))rf/i(«). 
By Cauchy-Schwarz's inequality, we obtain 

h, < (n- 1)1/2 ^ (tr U-m'dfiia)^ 

Since U~(t) = U~ , , (0) and u is invariant, it follows from the matrix 
Riccati equation that 

1/2 



1/2 



If equality holds, then (0) is constant for fi almost all a. It follows 
from the Riccati equation that is constant on the support of /x. □ 

Proof of Theorem \l.l\ By [191 Lemma 3.1], we have 



/i^< liminf - / log(ex((i(y9.))(i/i 
t is. 
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where ex$ is the expansion of the hnear map $ defined as 

ex$ = sup det $ | s 

s 

where the supremum is taken over all nontrivial subspaces S. 
Let C(t) and D{t) be the matrices defined by 

Ea{0) = -C{t)E^{t) + C{t)F^{t), F,(0) = -D{t)E^{t) + D{t)F^{t). 

The matrices C{t) is a solution to the equation 

(13.1) C{t) = -n^{t)C{t) 

with initial conditions C(0) = and C{0) = — /. 

Similarly, D{t) is a solution of the same equation which satisfies 
D{0) = I and D{01= 0. 

It follows that diff^ sends Ea{0) and Fa{0) to 

/ _c(t) -D{t) \ ( ^^,(.)(0) \ 
C(t) D(t) ) \ F^,(,)(0) ) ■ 

Using (113. ip . we see that 

(ci' .^i;')Ko T)^"<" 

as t — J- 0. 

It follows as in |19] that 

~ t ""^ 

ex(o?(^J = l + -^|A,-l|+o(t), 

1=1 

where Aj are eigenvalues of the matrix □ 
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